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Neutron Star
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Neutron Star of Known Mass
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J. Lattimer,  
Annu.Rev.Nucl.Part.Sci.

62,485(2012) 
and https://stellarcollapse.org by 

C. Ott

https://stellarcollapse.org
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Maximum mass of Neutron Stars
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Mass and Radius of NSs
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GW170817 - M1

GW170817 - M2

J0348+0432

J1614-2230

Kim et al., arxiv:1805.00219
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LMXB
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Steiner,  Lattimer, Brown, ApJ 2010

95% confidence limits by using MC sampling
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Nuclear Equation of States
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x =
⇢p

⇢p + ⇢n
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Symmetry Energy
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RAON
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First detection of GW from a BNS

11PhysRevLett.119.161101

Image credit: Karan Jani/Georgia Tech.

GW170817
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Neutron Star of Known Mass

13

GW170817:
BNS

M1: 1.36~1.60 M⦿ 

(1.36~2.26)
M2: 1.17~1.36 M⦿

(0.86~1.36)

J. Lattimer,  Annu.Rev.Nucl.Part.Sci.62,485(2012) 
and https://stellarcollapse.org by C. Ott

https://stellarcollapse.org
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Properties of GW170817
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Abbott et al. (LSC and Virgo),  arxiv:1805.11579
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A new constraint by GW Observation
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PhysRevLett.119.161101
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Response of NS to GW during inspiral

16

perturbative approaches

Qij = ��Eij

� =
2

3

R5

G
k2

λ : Tidal deformability
k2 : Tidal Love number



Measurability of tidal 
deformability
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Tidal term in GW waveform

18

⇤ = �/M5 ! G
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◆5
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h̃T (f) = Af�7/6ei T (f) M. Favata, PRL.112.101101 (2014)

 (f) = 2⇡ftc � 2�c �
⇡

4
+

3

128⌘v5
�(f)

v = (⇡fM)1/3



1st GWNR Seminar @ 2018.07.12

Accumulated GW phase (1)

19

Moore et al., PRD.93.124061(2016)

f1 = 10 Hz, 
the low frequency cutoff for 
Advanced LIGO 
due to seismic noises

the number of wave cycles in frequency domain

Waveform models: 
    TaylorT2 for ΔNcyc

    TaylorF2(SPA) ΔNcyc,Ψ
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Accumulated GW phase (2)

20

waveform model: 
TaylorF2(SPA)

Mch=1.188M⦿

M1=M2=1.365M⦿
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Accumulated GW phase (2)

20

waveform model: 
TaylorF2(SPA)

Mch=1.188M⦿

M1=M2=1.365M⦿

~600 Hz

1/2-cycle
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Accumulated GW phase in time domain

21

Hinderer et al., PHYSICAL REVIEW D 81, 123016 (2010) 

point-particle approximation

|��GW(f)| = |�3.5,pp(fGW)� �3.5,�(fGW)|

waveform model: 
TaylorT4
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Measurement Errors via Fisher Matrix
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�ij = Re <
@h

@�i
| @h
@�j

>

⌃ij = ��1
ij

cij = ⌃ij/
p

⌃ii⌃jj

�i =
p
⌃ii

h̃T (f) = Af�7/6ei T (f)

�i = Mchirp, ⌘,�c, tc, s1,2, e0, ⇤̃, ...

Fisher matrix

covariance matrix

correlation matrix

Measurement Errors
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Measurement error vs. Source Distance

23

Local group Virgo cluster Virgo supercluster

GW170817

Λ(M=1.4M⦿)=800 

Y.B. Choi, H. S. Cho, C.-H. Lee (PNU)



Derive 2nd order Diff. eq of H
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TOV Eq. vs. Diff. Eq. for Tidal deformability

25

dP

dr
= �GM⇢

r2

✓
1 +
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⇢c2
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1 +

4⇡Pr3
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⌘

Gµ⌫ = 8⇡Tµ⌫

a spherical symmetric star in hydrostatic equilibrium

Mass & Radius

TOV eq.
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TOV Eq. vs. Diff. Eq. for Tidal deformability
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static linearized perturbations due to an external tidal field

�Gµ⌫ = 8⇡�Tµ⌫

k2 or λ

T. Hinderer (2008), K. Thorne and A. 
Campolattaro (1967)

�T 0
0 = ��⇢ = �(dp/d⇢)�1�p �T i

i = �p
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Selected references
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• A.E.H. Love (1909) - The Yielding of the Earth to Disturbing Forces 
• K.S. Thorne & A. Campolattaro (1967) - non-radial pulsation of NS 
• J.B. Hartle & K.S. Thorne (1969) - stability of rotating NS 
• … … 
• K.S. Thorne (1998) - Tidal stabilization of rigid rotating, fully relativistic  

                                 neutron star 
• … … 
• T. Hinderer (2008) - Tidal Love numbers of neutron stars 
• T. Damour and A. Nagar (2009) - Relativistic tidal properties of neutron stars
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Love number
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Love number
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Tidal Love number and Tidal deformability
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Qij = ��Eij

T. Hinderer,  ApJ,  677, 1216 (2008)

� : Tidal deformability

Qij : Quadrupole moment of NS

Eij : External quadrupole tidal field

k2 : l = 2 Tidal Love number
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Tidal coefficients (deformability)

31

Multipole moments induced by a external tidal field

Mass moments 

Spin moments 

electric-type tidal field

magnetic-type tidal field

electric-type tidal coefficient (even parity)

magnetic-type tidal coefficient (odd parity)
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Metric in linearized perturbation

32

even parity

odd parity
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Regge-Wheeler gauge and M=0

33

even parity

odd parity
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Regge-Wheeler gauge and M=0
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even parity

odd parity

k=0, stationary case

0

0

0

0

H=H0=H2,K

Ψ=h0
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Even parity (Electric-type) metric Fn. H
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�Gµ⌫ = 8⇡�Tµ⌫

Regge & Wheeler (1957),  Thorne & Campolattaro (1967)

�T 0
0 = ��⇢ = �(dp/d⇢)�1�p �T i

i = �p
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Electric-type tidal coefficients (1)
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General solution
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Electric-type tidal coefficients (2)

36

Damour and Nagar , PRD 80, 084035 (2009)
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Electric-type tidal coefficients (3)
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Damour and Nagar , PRD 80, 084035 (2009)
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Electric-type tidal coefficients (4)
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Damour and Nagar , PRD 80, 084035 (2009)

Electric-type tidal coefficients

 we calculated the case, l=2

yR =
rH

0(r)

H(r)
|r=R
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Higher Tidal Love Numbers
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Damour and Nagar , PRD 80, 084035 (2009)

We hardly expect to 
observe higher terms of 
tidal deformability in the 

waveform

x ⌘ (M!)2/3

� tidal
2 ⇠ �2 x5/2

� tidal
3 ⇠ �3 x9/2

|� tidal
3 /� tidal

2 | ⇠ O(10�3)
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Magnetic-type tidal coefficients

40

Damour and Nagar , PRD 80, 084035 (2009)

Magnetic-type tidal coefficients

Likewise,
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Magnetic-type tidal coefficients

40

Damour and Nagar , PRD 80, 084035 (2009)

Magnetic-type tidal coefficients

Likewise,
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Tidal Love number and Tidal deformability
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� =
2

3

R5

G
k2

Qij = ��Eij

T. Hinderer,  ApJ,  677, 1216 (2008)

� : Tidal deformability

Qij : Quadrupole moment of NS

Eij : External quadrupole tidal field

k2 : l = 2 Tidal Love number

k2 =
8C5
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Tidal term in GW waveform
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Higher order term in GW phase (1)
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Post-Newtonian spin-tidal couplings for compact binaries - 
arxiv:1805.01487 
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Higher order term in GW phase (2)
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Rotational-tidal phasing of the binary neutron star waveform 
 - arxiv:1805.01882



Dynamic tide

PRL.116.181101  (arxiv:1602.00599)



PRL.116.181101  (arxiv:1602.00599)



Calculation of Tidal 
deformability
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To obtain Tidal Love number, k2 (1)

48
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To obtain Tidal Love number, k2 (2)
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Various Nuclear EoSs
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Read et al. , PRD 79, 124032 (2009)
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Constraints on Nuclear EoS
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• Nuclear data: hundreds of models (Skyrme force, RMF, …)
• Neutron star maximum mass

1.97 ± 0.04 M⦿ [Nature 467, 1081 (2010)]

2.01 ± 0.04 M⦿ [Science 340, 448 (2013)]

• 11 experimental/empirical data for nuclear matter around saturation density [Phys.Rev. C 85, 035201 (2012)]
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Selected EoSs

52

• Skyrme force models

• Basically fitted to properties of well-known nuclei

• Good saturation properties

• Mmax more than 2Msun

KIDS (Korea: IBS-Daegu-Sungkyunkwan): A new systematic expansion scheme for nuclear EDF 
[Phys. Rev. C 97, 014312 (2018)]

Kim et al., arxiv:1805.00219
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Mass-Radius relations

53

GW170817
- Mchirp = 1.188 M⦿ 

- low spin prior : M1 = 1.36 ~ 1.60 M⦿ , M2 = 1.17 ~ 1.36 M⦿ 

- high spin prior : M1 = 1.36 ~ 2.26 M⦿ , M2 = 0.86 ~ 1.36 M⦿

GW170817 - M1

GW170817 - M2

J0348+0432

J1614-2230

MNS=1.4M⦿

~3.3~2.7

Kim et al., arxiv:1805.00219
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Tidal deformability of a NS
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GW170817, Mchirp = 1.188 M⦿ 

- low spin prior :  Lambda(1.4 M⦿) < 800 

- high spin prior :  Lambda(1.4 M⦿) < 1400

⇤(M = 1.4M�)

Kim et al., arxiv:1805.00219
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Central Density at MNS=1.4 M⦿
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ruled out ?

well-selected EoSs
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Tidal deformability in BNS
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GW170817, Mchirp = 1.188 M⦿ 

- low spin prior :  reduced Lambda < 800 
- high spin prior :  reduced Lambda < 700

Kim et al., arxiv:1805.00219
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Beyond k2
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possible?



Recent Recearches
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a lower bound of Λ
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Radice et al. , ApJL, 852, L29 (2018)

  AT2017gfo
  Mdisk + Mej > 0.05 M⦿

GR Hydrodynamics
⇤̃(Mchirp = 1.188M�) � 400
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Recent Studies from Other groups (1)

60

[B] P.G. Krastev, and B.-A. Li, arXiv:1801.04620v1

• MDI EoS
- SNM part and symmetry energy constrained 

by heavy-ion reaction data up to 4.5 ρ0 
and 1.2 ρ0, respectively

• 341 < Λ(1.4M⦿) < 782

• 11.5 km < R(1.4M⦿)  < 13.6 km

[A]  F.J. Fattoyev, J. Piekarewicz, and C.J. 
Horowitz,  arXiv:1711.06615v2

• RMF models
• Correlating neutron skin of 208Pb , 

Λ(1.4M⦿) and R(1.4M⦿)

• 490 < Λ(1.4M⦿) < 800

• 12.55 km < R(1.4M⦿)  < 13.76 km
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Recent Studies from Other groups (2)
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[C] E. Annala, T. Gorda, A. Kurkela, and 
A. Vuorinen, arXiv:1711.02644v2

• Low density EoS from EFT
• High density EoS from pQCD
• Polytropic interpolation in the 

intermediate density
• 120 < Λ(1.4M⦿) < 800

• 9.9 km < R(1.4M⦿)  < 13.6 km

• Λ(1.4M⦿) = 2.88 * 10-6 (R/km)7.5 

[D] Y.Lim and J. Holt, arXiv:1803.02803

• Prediction with uncertainties inherent EFT
• ~ 73000 energy density functionals

• 350 < Λ(1.4M⦿) < 540

• 11.65 km < R(1.4M⦿)  < 12.84 km
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Mass-Radius as a function of Λ
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Raithel, Özel, & Psaltis (ApJL,857,L23(2018)) De, et al., arxiv:1804.08583
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Comparison with recent works
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[A]  F.J. Fattoyev, J. Piekarewicz, and C.J. 
Horowitz, arXiv:1711.06615v2
[B] P.G. Krastev, and B.-A. Li, arXiv:
1801.04620v1
[C] E. Annala, T. Gorda, A. Kurkela, and A. 
Vuorinen, arXiv:1711.02644v2
[D] Y.Lim and J. Holt, arXiv:1803.02803

Red line: Λ(1.4M⦿) = 2.88 * 10-6 (R/km)7.5  (fitting function in [C])

ρc > 3 ρ0 ρc < 3 ρ0

Kim et al., arxiv:1805.00219
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Crust EoS,  Symmetry Energy
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Y.Lim and J. Holt, arXiv:1803.02803



Prospects of GW observation 
for searching NS and its 

properties

65
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Overview of Advanced LIGO 2nd Obs.
1. Period: Nov. 30, 2016 ~ Aug. 25, 2017

break: Dec. 22, 2016 ~ Jan. 4, 2017, May 8 ~ 26.

2. Coincident observing data of LHO-LLO : ~81 days (as of Jun. 23, 
2017)  - 8 candidates

3. Averaged range

• 1.4 M⦿ - 1.4 M⦿ : ~70 Mpc

• 10 M⦿ - 10 M⦿ : ~ 300 Mpc

• 30 M⦿ - 30 M⦿ : ~700 Mpc

4. Detection
• BBH : GW170104, GW170608, GW170814

• BNS : GW170817

66
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PhysRevX.6.041015

N>2 N>10 N>40
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Prospects of the Observing Runs
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“Prospects for Observing and Localizing Gravitational-Wave Transients with Advanced LIGO, Advanced Virgo and KAGRA”, 
arXiv:1304.0670v4, LIGO-P1200087-v45, in preparation to submit Living Rev. Relativity

We expect to observe more BNS and/or NS-BH
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Summary
1. Tidal deformability of a neutron star can be observed by 

gravitational-wave detection.

- The most dominant tidal coefficient is l=2 electric-type coefficient 
λ2.

- The weighted Λ in BNS was estimated by observation of 
GW170817

2. Tidal deformability is a new constraint on nuclear equation of states 
provided by GW observation.

- more compact NS EoS is preferred.

3. Further investigation on Λ and NS EoS will be conducted by using 
MC simulation and Bayesian analysis.

68
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Mass-Radius relations
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GW170817
- Mchirp = 1.188 M⦿ 

- low spin prior : M1 = 1.36 ~ 1.60 M⦿ , M2 = 1.17 ~ 1.36 M⦿ 

- high spin prior : M1 = 1.36 ~ 2.26 M⦿ , M2 = 0.86 ~ 1.36 M⦿

GW170817 - M1

GW170817 - M2

J0348+0432

J1614-2230

MNS=1.4M⦿

~3.3~2.7
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Tidal deformability of a NS
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G
W

170817 - M
1

G
W

170817 - M
2

GW170817, Mchirp = 1.188 M⦿ 

- low spin prior :  Lambda(1.4 M⦿) < 800 

- high spin prior :  Lambda(1.4 M⦿) < 1400

⇤(M = 1.4M�)

Kim et al. in preparation
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