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Gravitational-Wave Sources

Compact Binary Coalescences:

	 Neutron Stars / Black Holes 


Burst sources: Supernovae

	 Large uncertainties on waveforms


 Continuous sources: Pulsars


 Stochastic background

	 from cosmological origin


very weak, accelerating objects, speed of light



CBC GW polarization
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Waveform: non spinning 

Amplitude:monotonically increases 
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Waveform: non spinning 

Amplitude:monotonically increases 
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Time

Chirp signal
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Dependence on inclination
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Non spinning GW polarizations (iota=0)

maximum & same amplitudes
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Non spinning polarizations (iota=pi/3)

reduced & different amplitudes
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Non spinning polarizations (iota=pi/2)

minimum amplitudes

hcross=0

LOS

orbital axis (L)

=pi/2

hplus

hcross

linear polarization



distance-inclination degeneracy
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GW polarization: non spinning

Phase evolution from 

post Newtonian (PN)



Post Newtonian Energy & Flux

Newtonian binding energy of a binary
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Phase evolution
Energy balance equation : orbital binding energy loss = GW emission energy 

dE

dt
= �L

expand with x  ,

               


w(t) =

Z t

0
ẇ(w)dt, �(t) =

Z t

0
w(t)dt                                                                    ---> Numerical integration


TaylorT4, T1,2,3,.. : time domain models



TaylorF2

stationary phase approx.



Precession of a spinning binary
Spin-Orbit coupling, Spin-Spin coupling
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Precession of a spinning binary
Spin-Orbit coupling, Spin-Spin coupling
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Precession of a spinning binary
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non spinning
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GW Polarization of spinning binary 

: vary in time

--> precessional motion
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Precession equations
Spin-Orbit coupling, Spin-Spin coupling

phase equation has additional spin terms  !!



Waveform of spinning binary 

Modulation of Amplitude (on earth)

Different envelops of hplus, hcross

non spinning



Variation of LN depends on S, S dot LN, S cross LN

---> Precession effect depends on 

      1) Spin magnitude 

      2) Angle between LN and S 

Modulation magnitude



Amplitude modulation with Spin (Angle=pi/2, S2=0)
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S1 J

L

S1
J

L
S1

precessing cone

NS-NS binary



Amplitude modulation with Angle (a1=0.9, S2=0)
J

L
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J

L
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aligned-spin: no precession



Detected wave strain (detector frame)

•  The gravitational-wave signal is a combination of two polarizations:


         F+ and Fx : detector response functions


Depend on sky location (θ, φ) and polarization angle ψ

Detector response versus sky location

x y

4 hidden positions

for a single detector









Why full IMR waveforms ?

NS-NS

BH-BH
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detection method: Matched filtering

! Matched filtering is the optimal filter for a signal of known 
shape in the stationary Gaussian noise


! 1) Known signal ? CBC GW waveform models


! 2) Stationary Gaussian noise ? real noises often give 
false alarms without a true signal



Matched filtering

Model 
waveform (T)

Detector noise sensitivity 
(Sn)

/⊗or

Detector output (d)
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Match

Signal To Noise Ratio

threshold==>
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Template bank search

•Request Minimum Match = 0.97


 ⇒ Low Mass region is more densely populated 
than high mass region


GW150914: 250000 templates

(mass1, mass2, spin1, spin2)


==> needs many computers for fast search



Parameter estimation

! Detection pipeline identifies the GW event.


! We want to know the physical parameters of the source.


! Once a detection is made, parameter estimation analysis 
is implemented.


! PE pipeline explores the whole parameter space.


! Number of parameters (BBH):  9 for nonspinning, 12 for 
one spinning, 15 for two spinning.







Overlap: Parameter estimation

match (same as in detection)

Bayesian 

posterior prior likelihood 

data - model waveform

high SNR limits

match (overlap) btw hidden signal and model wfs

SNR normalized wf



Overlap: Parameter estimation pipeline

==> 9~15 parameters

/⊗

! Template bank-based analysis is not possible

! Over 10^6 overlaps varying parameters

! Very long computation time


! PE result is given by posterior PDFs

hd|T i = 4Re

Z ffinal

flower

d(f)T ⇤(f)

Sn(f)
df

T (m1,m2, a1, a2, D,RA,Dec, ...)



Posterior example : NS-NS binary



Impact of prior (GW170817)

posterior prior likelihood 

strong correlation



Parameter estimation study

! PE aims to find the parameters of the GW source quickly 
and accurately when a real GW is detected.


! PE study using injection signals 

" waveform models

" source parameters- mass, spin, NS tides, eccentricity, ..


! Two types of PE errors: 

1) statistical uncertainty (measurement errors)

2) systematic error (systematic bias)



Measurement error

depends on

- prior

- SNR

  - source distance

  - detector sensitivity

confidence interval:

68%, 90%, 99%, ..



Systematic bias

" If the template model is complete, recovered parameters 
are the same as the true values.


" If inaccurate model, recovered parameters are biased from 
the true values ==> systematic bias


" Ratio btw systematic bias and statistical error is important.


" Bias is independent of SNR, only depends on the model 
accuracy


" Injection study using various models
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Example: spinning signal vs nonspinning template model

� = 0

� = 0.1

� = �0.1
true values

signal spin

2d overlap search



Cho, PRD 94, 124045 (2016)

Bias

Mc =
(m1m2)3/5

M1/5

⌘ =
m1m2

M2

negative inclination
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⌘rec < 0.25
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Spin effect vs mass effect

aligned-spin

spin-orbit coupling

=>phase evolution slower

=>longer waveform

less massive binary

=>lower GW energy

=>longer waveform

anti-aligned-spin

spin-orbit coupling

=>phase evolution faster  

=>shorter waveform

more massive binary

=>higher GW energy

=>shorter waveform

Binary dynamics
 Wave function
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waveforms [fmin=30Hz]
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Cho, JKPS 70, 735 (2017)
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Result: bias vs. statistical error

SNR=20

� ⌧ b
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Result: bias vs. statistical error

SNR=20

Cho, JKPS 70, 735 (2017)
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GW151226-like BBH, nonspinning case

PRD 105, 023003 (2022) Favata et al.

Bias due to eccentricity ?



arXiv:2107.07981

signal: inspiral, nonspinning, eccentric BBH
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NS-NS binary ?

Favata (2014)



Analytic method so fast and easy to use

but 

high SNR limit (FM based),

small difference (hT - hAP)

validity unknown 

⌃ij = ��1
ij

hT - true waveform

hAP - approximate waveform

using hAP



eccentric signal vs. circular template ==> bias ?

Bayesian PE vs. FCV

TaylorF2Ecc

phase (nonspinning)

tidal correction

ecc. correction



Bayesian posterior



Bayesian vs. FM : measurement error

FM is well defined !



Bayesian vs. FVC : bias

consistent



Bayesian vs. FVC : bias



Bayesian vs. FVC : bias



Bimodal !



Monte Carlo study : FVC



Injection study

soft EOS with ecc. injection

but stiffer EOS PE result



Thanks !


